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Fig. 1 Horizontal velocity component along the vertical centerline at
Re = 400: a) present scheme and b) Beam and Warming scheme.
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Fig. 2 Convergence history at Re = 400: a) present scheme and b)
Beam and Warming scheme.

Comparisons of the computed results with numerical results ob-
tained by the Beam and Warming scheme* are shown in Fig. 1. The
convergence histories for our scheme and the Beam and Warming
scheme are also shown in Fig. 2. These comparisons of the com-
puted velocity and the convergence histories confirm the analytical
developments of our scheme.

Conclusions

An implicit scheme is developed for the solution of the Navier—
Stokes equations (compressible and incompressible). This scheme
is based upon the superposition of several one-dimensional solu-
tions which are independent of one another. Therefore, these one-
dimensional solutions can be computed simultaneously on separate
processors (parallel processing). Also, separate processors may be
employed for each coordinate direction. The maximum number of
processors which can be employed in each coordinate direction is
limited by the maximum number of grid points in each direction.
For example, consider a two-dimensional problem with (M x N)
grid lines, the maximum number of processors that can be employed
is k(M + N — 4) processors where k is the number of equations.
In addition, the present scheme has the advantage that no bound-
ary conditions are needed for the one-dimensional solutions. This is
because the boundary conditions on the physical velocity field are
implemented in the governing equations before the superposition
step takes place. The computed results for the driven cavity prob-
lem confirm the analytical developments of the present scheme.
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Effects of Spatial Order of
Accuracy on the Computation
of Vortical Flowfields

J. A. Ekaterinaris*®
Navy-NASA Joint Institute of Aeronautics,
Moffett Field, California 94035

Introduction

CCURATE prediction of subsonic, vortical flows over swept

wings, slender bodies, and slender body/delta wing combina-
tions at high incidence is of interest to aerodynamicists. The main
characteristic of the flow over a swept wing at high incidence is
the leading-edge vortex. This vortex is formed by the windward and
leeward-side boundary layers which separate at the leading-edge and
roll up in a helical fashion. For many practical applications, such as
flows over a full aircraft or a canard-wing configuration, the leading-
edge vortices generated by a slender wing convect downstream. It
is, therefore, important for numerical methods to predict correctly
the strength of these vortices and convect them downstream with
minimal diffusion, because their presence significantly affects the
development of the downstream flowfield.

Numerical methods currently used, such as second-order central
difference and upwind schemes, require high grid resolution close
to the surface to predict the viscous flow region accurately. In addi-
tion, adequate grid density is required in the vortical-flow region to
resolve the complex flowfield features. Numerical simulations for
flows over delta wings (cf. Refs. 1-4) showed that the lifting charac-
teristics and surface pressure distributions are predicted accurately
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with a reasonable number of grid points. However, higher grid res-
olution is required to predict the vorticity and the velocity gradients
in the vortex cores. Several investigators®>5 used embedded grids
to obtain better resolution of the vortical-flow region.

The vortical flowfield generated by the flow over a double-delta
wing was previously investigated.* An important feature of this flow-
field is the interaction between the strake vortex, after it convects
over the wing, with the wing primary vortex. It was found that the
overall quality of the predictions depends significantly on how well
the strake vortex could be convected downstream of the strake sec-
tion by the numerical solution. Solutions on refined grids* showed
that small improvements can be obtained with grid refinement only
in the circumferential direction. In Ref. 4 it was found that the
strake vortex lifts away from the surface with increasing angle of
incidence, vortex interaction becomes stronger, and, as a result, the
predictions of the surface pressure distributions deteriorate. To con-
vect the strake vortex properly the grid must be refined in all three
directions in the vortical-flow region. It was observed, however, in
Ref. 4 that increased order of accuracy for the evaluation of the
inviscid fluxes improved the numerical solutions. In this study an
attempt is made to evaluate more systematically how increased order
of accuracy affects the numerical solution.

The objective of the present investigation is to assess the effect of
the spatial order of accuracy used for the evaluation of the inviscid
fluxes on the resolution of higher order quantities, such as velocity
gradients. The viscous terms are computed as second-order accurate
with central difference formulas, even though for the explicit part
of the algorithm higher order approximations may be used. A vis-
cous/inviscid zonal method is used, and the outer part of the flowfield
is computed with the inviscid flow equations. The viscous boundary-
layer type flow region close to the body surface is computed with an
algebraic eddy viscosity model.” Results obtained with the conser-
vative and nonconservative formulations and the viscous/inviscid
approach are compared with available experimental data. The effect
of grid refinement on the accuracy of the solution is also presented.

Governing Equations

The conservative form of the compressible, thin-layer Navier-
Stokes equations is used to compute the near-wall flowfield. The
full details of the conservative formulation and the solution method
are given in Ref. 4. The primitive variable formulation of the inviscid
governing equations is used for the computation of the outer part of
the flowfield. The differential form of these equations for an arbitrary
coordinate system (£, , £) can be written as

dq+ Adq+ Bo,q+Coqg=0 0

where ¢ is the vector of the primitive variables, g = (o, u, v, w, p)7;
p is the density; u, v, and w are the Cartesian velocity components;
and p is the pressure. The matrices A, B, and C are obtained from
matrix D

U  pk, pky Pk, 0
0 0 0 ke/p
D=1}]0 0 U 0 ky,/p )
0 0 0 U k. /p
0

pa*k, pa*k, pa*k, U

In Eq. (2) U is a contravariant component, and k,, k,, k, are metric
terms. For example, &, k,, and k, are §,, &,, and &, for matrix A.

Numerical Scheme

The solution for the viscous inner zone is obtained with the con-
servative formulation of the governing equations. For this case, the
numerical scheme is described in detail in Ref. 4. For the inviscid
outer zone, explicit time integration can be obtained with a fourth-
order Runge-Kutta scheme. This scheme yields better stability lim-
its compared to an Euler explicit scheme. The fourth-order Runge-
Kutta scheme is as follows: ¢° = ¢%, ¢! =¢° — (At/2)R(¢°). ¢* =
@ — (A/DR(@), ¢ = £ — AtR(GD), 4 = ¢° — (A1/6) {R(g")
+2R(g") +2R(g?) + R(g)}, ¢+ = g (Ref. 4).

The Courant, Isaacson, Rees (CIR) method,? generalized in Ref. 9
as the split-coefficient matrix (SCM) method, is used to evaluate the
inviscid fluxes. Using the SCM method, the right-hand-side residual
R is evaluated as

R=(ATq; +A q})+(B*q; +B q])+(Ctq; +C q}) B3

The matrices A* = TA*T ! etc. are computed as in Ref. 9.

To enable time-accurate solutions with highly stretched grids, an
implicit integration scheme may be used. Implicit time integration is
obtained with the trapezoidal integration rule and an approximately
factorized scheme as follows:

[I 4+ At(A*V + A~ A9V x [I + At(BY, + B~ AP

X [I +AHCTV, + C AP x (g" —¢P)

- 9 -4 = o A—gt
=—Af T+ (AT + A7)

p
+(B*q; + B g}) +(C*q; + c—q;)} C))

To retain a block tridiagonal structure, the first-order backward
(Vy = y; — yi—1) and forward (Ay = y;41 — y;) operators are used
on the left-hand side of Eq. (4). The implicit part of the algorithm is
linearized using the same method as the explicit part, and the New-
ton subiterations, indicated by the iteration index p in Eq. (4), may
be set to zero. The right-hand-side explicit terms, q';, q; , are eval-
vated using higher order, upwind-biased finite difference operators.
For third-order accuracy, the following formulas are used:

q; = %(—qH.z +64ir1 — 39 — 2g:-1)

_ ©)
9 = }(+24i11 +3¢: —6gi_1 +gi2)
For fourth-order accuracy,
4 = 75 (+ i3 — 6¢;12 + 18¢i41 — 10g; — 3¢;_1) ©

g; = 73(+3¢i41 +10g; — 18¢;_1 + 64; 2 — gi-3)
And, for fifth-order of accuracy,

4 = % (+2gi43 — 15¢i 42 + 60g: 41 — 20g; — 30g;_ + 3¢;2)
G; = & (32 +30gi1; +20g; — 60g;_; + 15¢;-> — 24;-3)
a

All flows were computed at subsonic freestream speeds. For sub-
sonic inflow/outflow boundaries, the flow variables are evaluated
using one-dimensional Riemann-invariant extrapolation. Averaging
of the flow variables at the wake cut is performed. At the interface
of the viscous and inviscid zone, there is overlapping, and the flow
variables at the boundary of each zone are taken from the interior
of the adjacent zone.

Results and Discussion

Solutions were obtained for the flow over a double-delta (strake-
delta) wing configuration at M, = 0.22, « = 19.0 deg, and
Reynolds number based on the wing chord Re =4 x 106, Measure-
ments for the same flow conditions are given in Ref. 10. For all cases,
the solution for the near-wall region was obtained with the thin-layer,
conservative form of the viscous, compressible flow equations us-
ing an implicit scheme and Roe’s flux difference splitting. The outer
flow was computed as inviscid. For comparison purposes, an invis-
cid outer solution was obtained with Roe’s flux difference splitting
and third-order-accurate flux evaluation. Next, the outer inviscid
zone was solved with the SCM method using different order of ac-
curacy for the evaluation of the nonlinear inviscid terms as shown
in Egs. (5-7).

An 86 x 88 x 64 point grid along the streamwise, spanwise, and
normal directions, respectively, was used as baseline grid. This grid
was partitioned into two zones. The inner zone, where the viscous
solution was obtained with the conservative scheme, consisted of
an 86 x 88 x 25 point grid which included the near-wall viscous
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Fig.1 Effect of the order of accuracy and grid refinement on the pre-
diction of the leeward side surface pressure coefficient distribution at
x/c = 0.65,M = 0.22, &« = 19.0 deg, Rec = 4 X 105, measurements
Ref. 10; third-order conservative solution compared to the third-,
fourth-, and fifth-order nonconservative solutions.

a)

b)

Fig. 2 Effect of the order of accuracy on the prediction of the com-
puted vorticity magnitude at x/c = 0.65, M = 0.22,a = 19.0 deg,
Rec = 4 x 10°: a) third-order conservative solution and b) fifth-order
nonconservative solution.

region and the wake region. The outer inviscid zone consisted of
an 86 x 88 x 41 point grid, and extended five wing chord lengths
away from the body to the far field. Grid refinement studies were
performed with an 82 x 108 x 80 point grid. The refined grid was
partitioned in the same way as the baseline grid.

In Fig. 1 the surface pressure coefficient distributions at x/c
= 0.65, obtained from solutions computed with different orders
of accuracy, are compared with the measurements of Ref. 10 and
the results obtained from the solution based on the conservative for-
mulation. At the streamwise location x/c = 0.65, both the strake
and the wing vortices exist. The strake vortex is significantly weaker
compared to the wing vortex and has been convected for a distance
I = 0.15¢ from the strake/wing junction. The surface pressure coef-
ficient distributions computed with the conservative and nonconser-
vative formulation and third-order accuracy are in close agreement.
The surface pressure distribution obtained from the solution com-
puted using fifth-order accuracy is in closest agreement with the
measured values.

To assess the grid resolution required for a lower order solution
to reach the accuracy level of a higher order solution, the same flow
case was computed on an 86 x 108 x 80 point refined grid. Grid
refinement is performed only in the crossflow planes in the region of
the strake vortex, where the predictions of the lower order solutions
differed the most from the experimentally measured values. Solu-
tions on the refined grid are obtained only with third-order accuracy
and the conservative formulation. The surface pressure coefficient
distribution obtained from this solution on the refined grid is also
compared in Fig. 1 with the surface pressure distributions obtained

. Measured, Ref. 10
Computed, SCM 5th order
....... Computed, Roe 3rd order

Pressure Coefficient
N

2 a4 & 8 10
Spanwise location (y/s)
Fig.3 Effect of the order of accuracy on the prediction of the leeward
side surface pressure coefficient distribution at x/c = 0.65, M = 0.22,

a =22.4 deg, Rec = 4 x 10°, measurements Ref. 10; third-order con-
servative solution compared to the fifth-order nonconservative solution.

from the baseline grid using the third-, fourth-, and fifth-order ac-
curate schemes. It is observed that despite the grid refinement, the
solution computed on a coarser grid, but with a higher order of ac-
curacy, is in better agreement with the experiment. The vorticity
magnitudes in the same crossflow plane at x/c = 0.65, obtained
with the third-order conservative solution and the fifth-order SCM
method solution on the baseline grid are compared in Fig. 2. The
vorticity content of the strake vortex predicted by the fifth-order
solution is higher.

Next, solutions over the same double-delta wing configuration at
a higher angle of incidence, o = 22.4 deg, are presented. Solutions
were computed on the baseline grid. For this case the strake/wing
vortex interaction is stronger and the strake vortex is farther away
from the wing surface in the coarser grid region. In addition, vortex
breakdown and merging of the strake and wing vortices is observed
for a significant portion of the wing section. For the axial location
x/c = 0.65, however, the strake and wing vortices have not been
merged. In Fig. 3 the surface pressure coefficient distribution at
x/c = 0.65, obtained from the solution computed with fifth order
of accuracy, is compared with the measurements of Ref. 10 and the
results obtained from the solution based on the conservative formu-
lation and the refined grid. Similar trends with the & = 19.0-deg
solution are observed for the surface pressure coefficient distribu-
tions computed with the conservative and nonconservative formula-
tion and third order accuracy. For this case, however, the discrepancy
from the measured values is larger than the o« = 19.0-deg case. The
improvement obtained from the higher order scheme are more no-
ticeable for this case, and it appears that the higher order solution
yields uniformly good agreement.

Conclusions

A high-order accurate method on general curvilinear meshes
is used to improve the numerical solutions of complex, three-
dimensional, vortical flowfields over a sharp-edged double-delta
wing at high incidence. The flowfield away from the surface and
in the region where the vortex cores are located were computed as
inviscid. Higher order of accuracy was obtained using the noncon-
servative formulation of the compressible equations. The inviscid
fluxes were evaluated using third-, fourth-, and fifth-order upwind-
biased formulas. The computed results show that a higher order
of accuracy enables better convection of vorticity, yields stronger
vortices, and produces closer agreement with the measured surface
pressures. Grid refinement yields an accuracy level comparable to
that obtained from a sparser grid and higher order schemes.
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Vorticity in an Inviscid Fluid at
Hypersonic Speeds

David Nixon*
The Queen’s University of Belfast,
Belfast BT9 5A6, Northern Ireland, United Kingdom

Introduction

VER the last several years there has been a resurgence of inter-

estin the hypersonic aircraft and in the necessary technologies
to make it a feasible proposition. One of the most critical aerody-
namic unknowns is the nature of turbulence at very high speeds.
There have been investigations into the effects of flow compress-
ibility on turbulence, but most, if not all, of these are directed to
extending the knowledge of turbulence at low speeds to incremen-
tally higher speeds. Although this type of approach does yield some
useful information, it does not give an indication of the possible mag-
nitude of the problems; namely, what is turbulence in the limit as the
Mach number approaches infinity? An attempt to get some indica-
tion of turbulence at high Mach numbers is reported by Childs! et al.
This work was concerned with a numerical simulation of a free shear
layer at convective Mach numbers of 4. This study indicated that
turbulence at this relatively low Mach number was considerably dif-
ferent from low-speed turbulence. The most notable difference was
that the large vortical structures that are a feature of free shear layers
inclined at fairly steep angles to the dominant flow direction, in com-
parison with the situation at low speeds at which the structures are
spanwise. However, the free shear layer may not be representative
of turbulence in general because of the dominance of the shear layer
by large vortical structures, a feature that is not apparent in wall-
bounded flows. It is noteworthy that Nixon? predicted the appear-
ance of the swept structures using an irrotational model, which may
indicate that this feature is not directly connected with turbulence.

There have been other experimental studies of turbulence at high
Mach numbers,*™ but at very high Mach numbers (M ~ 10-20)
it is difficult to determine whether it is velocity fluctuations (the
dominant factor in low-speed turbulence) or density and pressure
fluctuations that are being measured.

This Note describes a simple analysis of vorticity evaluation at
high Mach numbers. Since vorticity is the cornerstone of classical
turbulence theories, it is helpful to establish whether these theories
can be valid at very high Mach numbers. Since analysis of turbulence
itselfis almost impossible, a simple model problem is posed, namely,
the steady flow of an inviscid fluid with constant total enthalpy (%)
but with an arbitrary prescribed initial vorticity. It is assumed that the
fluid can be accelerated isentropically to a very high Mach number
where it becomes steady. Although inviscid, the model problem
does relate to turbulence, since large-scale turbulence is more or
less independent of viscosity.
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Analysis

It is assumed in the analysis that in the region of interest the flow
quantities are small perturbations from reference values, denoted by
the subscript r; this will give at least a first-order effect. The density
is denoted by p, temperature by 7', specific enthalpy by A, pressure
by p, and entropy by S. The gas constant is denoted by R and the
total velocity by g. For a steady flow, with constant total specific
enthalpy, the Euler equations can be combined with Gibbs equation
to give the following relationships:

L [1 + =D q2):| " ep(=S/R) (1)

or 2

T -0 2 2

T [1 + M- )] @
p _ -1, ., 2 = —
;_[1 YD eq )] exp(~S/R)  (3)

where y is the ratio of specific heats. The velocity ¢ is normal-
ized with respect to a reference value g, and has components in a
Cartesian coordinate system (x, y, z) of u, v, w.

,Let g’ be a turbulent velocity fluctuation about g, and normalized
by g,, that is,

@ =142 + o0 +ww) +u?+v2+w? @

where u,, v,, and w, are the normalized velocity components of g,.
Now let

plor=14+p
T/T,=1+T s
p/pr=1+p ©

S/R=S8/R+S/R
where Sp/ R is the (constant) reference value of entropy. This implies
that the reference flow is irrotational.

If the reasonable assumption that the general fluctuating quantity
[ satisfies

1«1 Q)
is made, then for p/p, to be real and nonzero,

r—-1

202
5 M PP -1 <1 )

or
0=<1+uu +v.v+ww 7
+ @+ + w2 < 1/[(v - M) @®
If Eq. (6) is applied, Eq. (8) becomes, to first approximation,

0<u +vv +ww <1/[(y - )M} ®

If the flow is such that |«,.| > |v,|, |w,|, that is, the dominant flow
is in the x direction, then Eq. (9) indicates that

lu,u'| — 0 as M, — oo )

which shows that the fluctuations become two dimensional in the
plane normal to the streamwise direction.



